Chapter 4

Module Basis for Generalized Spline
Modules

4.1 Introduction

As discussed in chapter 2, the generalized splines were defined by Gilbert,Shira Pol-
star,Juliana Tymoczko in [55], over an edge labeled graph (G, «), with the base ring R
and the edge labeling function a. They have shown that the set of generalized splines
has a ring structure and an R-module structure with respect to pointwise operations of
addition, multiplication and multiplication by elements in R respectively (section 2.4).
The problem that has been addressed in the study of generalized spline modules is to
determine whether these modules are free, and characterization of the bases elements in
case they are free. It has been shown in [55] that for R to be a PID, the generalized spline
module R o) is free over any arbitrary graph G. In fact, if G is a tree graph, R(g q) is free
irrespective of the choice of the base ring. Flow- up classes were introduced by Handcshy,
Melnick,in [63],for the cycle graphs and it was shown that the leading non zero entries
of the flow-up classes were crucial in determining whether these classes formed a basis.
Selma Altinok, Samet Sarioglan [7],[8] have used combinatorial techniques to determine
the leading entries of the flow-up classes, using the zero trail methods which helps in
calculating a crucial element () in R for some graphsG such as the cycle graph,tree
graph etc. Basis criteria for a set of splines to become a basis for R ) is given, using
the element (). In this chapter, we have given the basis criteria for a set of splines to
become a basis for the family of graphs such as the Dutch Windmill graph and the special
cases such as the butterfly graph and friendship graph over a GCD domain R. The Dutch

windmill graph consists of m copies of cycle graphs C),, connected at a common cut vertex.
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We have also extended the results to the complete graph K, and the wheel graph Wy,
which are isomorphic and have concluded that they have the same basis criteria over a
GCD domain.

4.2 Preliminaries

In this section, we give the preliminary results that are being used in our study. Throughout
this study, R stands for a commutative ring and I is the set of all ideals of R.We give the
definitions and results from [8],[7] and [55], which we have used for proving results in our
study.By a graph G = (V| F), we mean a finite undirected graph with neither loops nor
multiple edges. The order |V | and the size |E| of G are denoted by n and m respectively.

We have already discussed the definition of generalized splines and flow-up basis in
chapter 2. However, we again give the definitions and examples for the convenience of

understanding our work.

e Generalized Spline[7]
A generalized spline on an edge labeled graph (G, a) is a vertex labeling F' € RV
such that for each edge v;v; € E, we have f; — f; € a(v;v;), where f; denotes the
label on vertex v;. The collection of all generalized splines on a base ring R over the
edge labeled graph (G, «) is denoted by R(g,a).-

As an example discussed in [8], we have

e Example[8]
Let (G, @) be as the Fig.4.1 below.

FiGg. 4.1: Example of spline

A spline over (G, ) can be given by F' = (2,12, 14, 26).

The flow-up classes are a special type of splines which play a very important role in

determining the R-module basis for R(g,). They are defined as
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e Flow-up class[7]
Let (G, «) be an edge labeled graph with n vertices. Fix i with 1 < ¢ < n. A flow-up
class F® is a spline in R(G,o) with first 7 — 1 leading zeros, that is, the components
Fi(i) =0 and Fj(i) = 0 for all j < 7. The set of all i-th flow-up classes is denoted by
E;.

As an example of flow-up basis, we have

e Example[8]
Consider the edge labeled graph (G, «) in Fig.4.1 again. Flow-up classes on (G, «)
can be given by F(U = (1, 1, 1, 1), F® = (0, 10, 0, 0), F®)(3) = (0, 0, 2, 0) and
F® = (0,0, 0, 12).

The following definition of n x k matrix shows the matrix representation of a flow-up

basis.

e Definition [8]
Let (G, a) be an edge labeled graph with
V(G) ={v1, va, ..., v }. Let A ={F\, F5, .. ,F;,} C Rga)-
Let F'(v;) = fi; . Then the n x k matrix

fln f2n <. fkn
Juu fa oo
is the matrix representation of A.

Bowden and others [63],[21],[20] proved that flow-up classes with smallest leading

entries form a module basis for R (g ) where R is an integral domain.

Selma Altinok and Samet Sarioglan introduced special trails and zero trails to
determine the smallest leading entries of flow-up classes over an integral domain

R.They have proved the following proposition 3.3 about zero trails in [7].

e Proposition[7]
Let (G, ) be an edge labeled graph with n vertices and let ¥ = (0,...,0, f;,..., f,)
€ F; with i > 1. Let v; be a vertex with j > i and let p¥?) be an arbitrary zero
trail of v; . Then pU0 divides fi -

Also they have shown the existence of flow-up bases on any graph over principal
ideal domains [7]. If R is not a domain, then R ) may not have a flow-up basis
even it is free. The following theorem proves the existence of flow-up bases for Rg q)
when the base ring R is a PID.
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e Theorem|[7]
Let (G, «) has n vertices and R be a PID. Fix v; with ¢ > 1 and assume that all
vertices v; with j <4 are labeled by zero. Then a flow-up class F () exists with the

first nonzero entry f; = [p(i,O)]

In Lemma 2.3 [7], it was shown that Rga) = B 4 if G’ is obtained by reordering
the vertices of G.The following lemma shows the relation between the determinant

of a basis of R(g,q) and R ,) where G’ is obtained by reordering the vertices of G.

e Lemma|8|
Let (G, «) be an edge labeled graph with n-vertices and let {F7,..., F,} forms a
basis for R(g,). Let o € S, be a permutation and let o(G, a) = (G, @) be a vertex
reordering of (G, @) as defined in Lemma 2.3[8]. If {G1,...,G,} is a basis for R )
,then | WFy ... F, | =r|GiGs...G, | where r € R is a unit.

The set R(c,q) of generalized splines is a ring and an R-module [55]. The module of
generalized splines R q) contains a free sub module of rank at least the number
of vertices [55], and over a PID it is always free with rank equal to the number of
vertices [63]. But the module of generalized splines can have essentially any rank

over a ring with zero divisors [21].

The following example shows that with two different edge labelings of cycle graph
Cs, dim(R(cy,0,)) 7 M (R (cy,00)),Where aq,00 are the edge labeling functions with
the base ring Z and the quotient ring Z/mZ respectively.We know that Z is an

integral domain where as Z/mZ is not an integral domain.

e Example[48]
Let E = (2,5,3) be the set of edge labels on cycle graph Cs (Fig.4.2), a; :E— I;
where I; denote the set of ideals of the ring of integers Z and «ay: E — I where I
denote the set of ideals of quotient ring Z/15Z, the ring with zero divisors.It can be
seen that the set R(c, o,y of generalized splines over Z is generated by {(1,1,1),(0,2,12)
(0,0,15)} and so the dim(R(cy,q,)) = 3. The set of generalized splines over Z/15Z is
generated by {(1,1,1),(0,2,12)} and so the dim(Rcy,a,)) = 2.

Vs

Vl > V2

F1a. 4.2: Cycle graph C3[48]
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Selma Altinok and Samet Sarioglan(8] have defined the element Q¢ € R using the
method of zero trails, about which we have discussed in Chapter 2. By the notations
in [3],

Qc =T [ {( PN Yt = 1,...my] ,where p\"” are zero trails of v; and m; is the

number of the zero trails of v;.

The element Q¢ could be obtained in terms of edge labels on cycles, diamond graphs
and trees but not for bigger graphs in general. Gjoni[50] and Mahdavi [74] studied
integer splines on cycles and diamond graphs respectively and they stated that a
given set of splines forms a basis for Zq o) if and only if the determinant of the matrix
whose columns are the elements of the given set is equal to a formula () given by
edge labels. Altinok and Sarioglan have shown in [8] that the formula @ corresponds
to Q¢ and generalize their statement to other families of graphs.Gjoni[50] gave basis
criteria for integer splines on cycles by using determinantal techniques. The result

given by Gjoni is

e Theorem[50]

lily ... 1,

Fix the edge labels on (C),, a).Let Q = m and let F, ..., F, € Z¢, . Then
150255 0ln
{F1,..., F,} forms a module basis for Z¢, ,, if and only if | F1Fy... F, | = £Q.

In fact, Gjoni has used the concept of flow-up basis for proving the above theorem.
However, as discussed earlier, flow-up basis may not exist when R is not a PID.
Altinok and Sarioglan has obtained a generalized version of Gjoni’s result[50] over a
GCD domain. They have shown that for a cycle graph C,, @ defined by Gjoni is
same as Q¢ [8]defined by them.

Mahdavi[74] and Rose tried to give a basis criteria and obtained a similar result for

the Zp, , ) for the diamond graph Ds3. They have given the result
e Lemma[74] Fix the edges on (D33, ). Let (la,l3,14,15) = (I1,12) = (l1,13) =
l1lol31415
(l2’ l3)(l47 l5)7 l1<l27 l37 l47 l5>

(ll,l4) = (ll,l5) = 1, and Q =
then @ divides | W, X, Y, Z |.

MW, XY, Z € Zip, s.0)

And they have conjectured the following result

e Conjecture[74)]

Lilllals
Fix the ed D Let () = dlet W, XY, Z
be the edges on (D, a).Let @ =G ym e T i o, ) 0 1ot WA 2 €

Lips sy It | W, X, Y, Z | = £Q,then {W, XY, Z} forms a basis for Zp, , a)-

Again, Altinok and Sarioglan [8] have proved that that @) defined above is same
as (Q(p, ) for the diamond graph and proved the conjecture made by Mahdavi and
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Rose[74] for a GCD domain R, further generalizing it to the diamond graphs D, »)
for any m and n. In fact, as flow-up basis is not guaranteed over a GCD domain,

they have used different approach and obtained the result

e Theorem][§]
Let (D53, ) be an edge labeled diamond graph. Then {F, Fy, F3, Fy} C Rp, ,.a) is
a basis for R(p, ;) if and only if | F1F3F3F, | = 7 - Qp,, where r € R is a unit.

Further they have generalized the result for Dy, for any m,n. Also, it is known
that spline modules over tree graphs are free and possess flow-up basis irrespective
of the base ring R. they have formularized () for the tree graphs, and gave the
basis criteria for the tree graphs using the flow-up basis. The result proved by them

18

e Theorem [8]
Let G be a tree with n vertices and k edges. Then {F},..., F,} C R(¢,) forms a
basis for Rq.q if and only if | F1F, ... F, | = r- Q¢ where r € R is a unit and R is
a GCD domain.

The result which is very important to our work in this chapter is the one in which
they have given the basis criteria over graphs which are joins of cycle, diamond and

tree graphs. The result follows as

e Corollary [8]
Let {G1,..., Gk} be a collection of cycles, diamond graphs and trees and let G be a
graph obtained by joining G, ..., G\ together along common vertices which are cut
vertices in G. Then {Fy,...,F},} C R, forms a basis for R ) if and only if
| FiFy .. F, | =71 Qqg, ...Qg,, where r € R is a unit.

Over a PID R, basis criteria can be obtained for an arbitrary graph G, in terms of
the element Q). As it is difficult to calculate Q)¢ for complicated graphs, they have
conjectured that the above results can be generalized for arbitrary graphs over GCD

domains.

In this chapter we have extended their results to Dutch Windmill graphs and their
special cases such as friendship graph and butterfly graphs over GCD domains by

calculating () ( and giving basis criteria for a set of splines in R( D ) Although,
3 )

D{™)
we could not generalize the results to arbitrary graphs, but our extension covers an
important graph family and opens the possibilities of further extensions to other

graphs which are widely used in networks and build upon the existing knowledge.
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4.3 Results & Discussions

Results & Discussions|48] Let (D:(f), a) be an edge labeled Butterfly graph (Fig. 4.3(a))
and (Dém), «) be an edge labeled Friendship Graph (Fig.4.3(b)) which are special cases
of Dutch windmill graph (Fig. 4.4). An edge labeled Butterfly graph has 5 vertices vy,
Vo, V3, U4, U5 and 6 edges [y, lo, I3, l4, l5, lg. Let v; be common cut vertex between two

triangles T7 and T5.

By Corollary 3.27[8], flow-up basis for Butterfly graph over any GCD domain exists, as it
has common cut vertex between two triangles (cycle graphs with 3 vertices). Thus, for
any {Fy, Fy, F3, Fy, F5} C R(Déz)’a) where F; = (1,1,1,1,1), F5, = (0,92, 93, 94,95), F3 =
(0,0,93,94,95), F1 = (0,0,0, g4, 95) and F5 = (0,0,0,0, g5), we can construct the smallest

leading entries of these classes using the zero trail method which is as follows

Fi1c. 4.3: (a) Butterfly Graph D:(f) (b) Friendship Graph Dém) [48]

Since zero trails of v, in D§2) are p>0 = [} and p9=l, I3, the smallest value for leading

entry go of Fy is [l1, (l2,13)] by Proposition 3.3 [7], where (l3,[3) denotes the greatest
common divisor of edge labels ly,l3 and [l1, (l2,l3)] denotes the least common multiple of
[ and (I, Is).

Similarly, the smallest value for leading entry g3 in Fj is [la, 3], g4 of Fy is [ Iy, (I5,1s) |
and gs of Fy is [ I5, s |
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From the definition of Q¢[8], for any graph G, we have Q) 2 defined as
3

Qper = [l (l2; 13)] {12, 13] - [la; (15, 16)] - 15, o]
L(la,ls)  bLls Ll ls)  Isls
(lh (l2a l3)) (l27 l3) (l47 (l57 lﬁ)) (l57 ZG)
Lilyls lulsls
= Ul ) o ly) — Omem

Here T} and T5 are the two triangles with common cut vertex. Next we give condition for

basis criterion for D:(f).

e Theorem[48]
Let (D:(,,z),oz) be an edge labeled Butterfly graph over any GCD domain R. Then,

(i) Dimension of (D§2),oz) = 5.
(i) U F = {F, By, Fy, By, F} C R,
o) if and only if

D@ o) and | F' |=| FiFoF3F,F5 |, then F is a basis
3

| F' |=r.Qn,Qp, where r € R is a unit where 77 and T3 are the two triangles with

common cut vertex.

Proof Taking into consideration the leading entries of Fy,F5, F3, Fy, Fs, as calculated

earlier we have,

1 g5 95 95 95
I g4 912 g4 O
| iy FsFuFs | =11 g3 g3 0 0
1 g0 0 0 O
1 0 0 0 0
=1.92.95.94.95

= ]_.[ll, (lg, lg)].[lg, l3].[l4, (l5, ZG)].[Z5, ZG]

Here we observe that | I | is equal to Q@ and is equal to Qz,.Qr,.
3

In the next lemma, we apply the above result for Friendship graph Dém) (Fig.4.3(b)).

e Lemma
Let (Dém), «) be an edge labeled Friendship graph with
2m + 1 vertices vy, vo, ..., Vopy1 and 3m edge labels [y, ..., 3,

(Fig.4.3(b)). It is obtained by joining m copies of triangles, T3, 75, ..., T,, together

along the common vertex vy, which is cut vertex in ng).

Then,
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lll2l3 l4l5l6 l3m—2l3m—ll3m

(m) =

QD3 (llal27l3>.(l47l57l6).
Proof The above equality can easily be shown as in [8], by rewriting the least

(l3m—27 l3m—17 l3m>

common multiples and greatest common divisors explicitly.
Next we apply this result to Dutch windmill graph D™ for any n and m (Fig.4.4).

In order to prove the basis criterion, first we give the formula for Q ).

e Lemma|48]
Let (Dﬁlm), «) be an edge labeled Dutch windmill graph with m(n — 1) + 1
vertices v1, Vs, ..., Un(n—1)4+1 and mn edge labels ly,.. ., [, (Fig.4.4).
It is obtained by joining m copies of n-cycles C,,,,C.,,..., Cp. .
together along the common vertex vy,
which is cut vertex in DI™.

Then @ ,m) is obtained as

hly. by logr. o lon (1) - - - oo

QDgzm) - (lla l27 cee 7ln)‘(ln+1’ e ’l2n)

(lmnf(nflb cee 7lmn)

Vo1)
Vomni
Va2
Vo113

~

Vi)

3l T T T

Fi1G. 4.4: Dutch windmill graph,D%m)

Proof Again, the above equality can easily be shown as in [8], by rewriting the least
common multiples and greatest common divisors explicitly.

As a special case, we can obtain the basis criteria for generalized spline modules on

Friendship graph ng) over any GCD domain as follows:

e Theorem
Let (D:(,,m),oz) be an edge labeled Friendship graph over any GCD domain R.Then
(i) Dimension of (Dém),a) = 2m+1.
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(i) fF={F,...,Fomi1 } C R(
basis for R(Dz(‘)m)’a

11, Ts,...,T,, are triangles with common cut vertex.

DI ) and | F' | = | Fy Fy...Fy,4q |, then F is a
3 %
, if and only if | F |=r.Qn,Qr, - .. Qr,, where r € R is a unit where

Proof First we reorder the vertices of graph Dém)such as the vertices on each triangle
are consecutively ordered, except the least indiced vertex v;. Construct the matrix
[F} Fy....... Fy41] whose columns are elements of the obtained basis {F7, ..., Fomi1
Then the determinant of this matrix, | F} Fy ... Fy,41 | is equal to
the product r. Qp, Qr, ... Qr, , where r € R is a unit (By methods used in Theorem
3.8 [8] and Corollary 3.28[8]).

We can generalize the above theorem to obtain the basis criteria for generalized

spline modules on Dutch windmill graph D{™ over any GCD domain as follows:

e Theorem|48]
Let (D&m),a) be an edge labeled Dutch windmill graph over any GCD domain
R.Then
(i) Dimension of (D;m),a) =mn—-1)+1
(i) EF = {F, ..., Fuguoiysr } © R,y and | F|=| Fy By Fygoag |, then F
DI ) if and only if | F' |= .Q¢, Qc,, - --Qc,, wherer € R is a

unit and C,,,,C,,,...,C,, are cycle graphs with n vertices which have common cut

is a basis for R(

vertex.

Proof It follows directly from the above Lemma and Theorem for friendship graph.

Next, we consider Complete graph K, (Fig.4.5(a)) and Wheel graph W, (Fig.4.5(b))
which are isomorphic to each other. We find basis criteria for generalized spline
modules on these two isomorphic graphs separately over GCD domain. First we

consider basis criterion for complete graph.

Fic. 4.5: (a) Complete Graph (b) Wheel graph W,
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e Complete Graph K,[48]

Take Diamond graph Ds 3 with the common edge [; and the remaining edges as lo,
I3, 14, l5 and four vertices vy, vo, v3, v4. Adding one edge lg between the vertices vs
and vy, we get complete graph Ky as above (Fig.4.5(a)). There is no common cut
vertex between the Diamond graph and the edge lg. Now, [y, lo, I3, l4, [5 is Diamond
graph with centre edge [; and also lg, 5, l2, I3, 4 is a Diamond graph with centre

edge [g.

Then the smallest leading entries of splines Fy, F3, Fy which are calculated by using

the zero trails of vertices vq, v3,v4 of Complete graph K, are
[lla (l27 l3)7 (l47 l5)7 (l27 l67 l4)7 (l57 167 l3)]a [l2a l3a (l67 l4)7 (l67 l5)]7 [l47 l67 l5] reSpeCtive]'Y‘

From the definition of Q¢ [8], for any graph G, we give Qk, as

Qrey = [y (2, 1), (I, Is), (o, U, 1), (s, L, 1)) - [las b, (T, ), (T, 1)) - [l L, Is)
L byl 1) (o, s D) (U, I, Bs) Dol (s, 1) (Is, L) ]
(h, (o, 1), (Ia, 15), (I, La, Bg), (I, 05, 16)) (las Il La), (I, I5)) 00 ™°
(L4, 1) (I, o) (I, 1) [la, s, L) lals (Lo, 1s) (I, Ly, 16 ) (U, U, L)
(1,109,153, (14, 15)), (I2, Uy, ls, (I3, 15, 16))) (L2, I3, I, L, (16, Is))
Lilsls(La, Is, 1) lals (1o, 1) (L, L, 1) (1, s, Ls)
((l17l2,l37l47l5)7(l27l4;l67l3aZS))(Z27l37l67l47l67l5)
[ (Lals) (s, 16) (6, 1a) [Las U, Is) = Lalsls (L, s, 16)]

l11213l4l516(l27 13)(l27 l47 16)(l37 l57 lﬁ)(l47 l57 lﬁ)
(I, 19, 13,14, 15), (I2, I3, 14, 15, 1) ) (12, I3, Ly, U5, Lg)

In the above simplification of formula for Qk,, we have used the properties of ged
and lcm for any GCD domain. We prove following lemma to show that @)k, divides

| [y Fy B3 By |

e Lemma|48]
Let K4 be as in Fig.4.5(a) and let{F,F5,F3,F1}C Rk, ). Then Qg, divides | F}
Fy Fy F) .

Proof Since edge labels [, [, I3, 4 and [5 form a Diamond graph, we con-
clude that lylaly, l1lals, I l3ly, L1515, lalsly, Iol3ls, lolyls and l3lyls divide | Fy Fo F3Fy | by
lemma3.13[8].

Similarly, since lg, l5, l2, 3, 4 form a Diamond graph respectively, we conclude that
the products lglsl3,lgl5ly, lslals, lglaly, lslals, l5laly, 513l and l5l3ly divide | Fy Fo F3Fy |,
by lemma3.13 [8].
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Since the products lglaly, lglsl3 and l4l5lg
divide | F1F2F3F4 |, ng of the edge labels (l27l4,l6),(l5,l6,l3) and <l4,l5,l6) divide
| FiFyF5Fy |

In order to see that the product lyl3 divides | Fy Fo F5Fy |, where
F; = (fu, fi2, fis, fir) € Rk, for i =1,2,3,4, we consider the determinant

f14 f24 f34 f44
f13 f23 f33 f43
f12 f22 f32 f42
fll f21 f31 f41

By some suitable row operations on the determinant and by edge conditions, we

| AR FsFy =

obtain

f14 f24 f34 f44
f13_f11 f23_f21 f33_f31 f43_f41
f12_f13 f22_f23 f32_f33 f42_f43

fll f21 f31 f41

f14 f24 f34 f44

Tigls  wosls w33ls xa3ls

| R F3Fy | =

Tioly  Toaly w3aly  waols

fll f21 f31 f41
f14 f24 f34 f44

T13 T3 X33 T43

= lyl3
T12 T2 T32 T42

fll f21 f31 f41

for some z;; belonging to R.

Hence we see that lol3 divides | F} Fy F3 Fy | and so (l,l3) divides
| F1F2F3F4 | i.e.,
. l112l3l4l516<l27 l3)(l27 l47 lﬁ)(l?n l57 l6)<l47 157 ZG)

e (L, 1o, U3, L, 1), (L, 15, Ly, U5, 16) ) (Lo, U, L, U5, 1)
divides | F1 F2 F3 F4 |

Next we give following lemma for any GCD domain.

e Lemma|48]
Let (K4,c0) be an edge labeled Complete graph. Let
{ B\, Fy, F3, Fy } C R0y If | Fi Fy F3 Fy | =1 Qk,, where r € R is a unit, then
{ Fi, F5, F3, F, } forms a basis for Rk, ).

Proof Proof can be shown by using similar techniques as in the proof of lemma

3.17 [8].
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Next, we prove following theorem to show that flow-up basis exists for generalized

spline modules on Complete graph K4 over GCD domain.

e Theorem
Let (K4, «) be an edge labeled Complete graph over any GCD domain. Let { F7,
Fy, F3, Fy } C Rk, o) I { F1, F5, F5, Fy } is a basis for Rk, ), then | Fy Fy Iy

F, | =r Qk,, where r € R is a unit.

Proof Since {Fy, Fy, F3, Fy} C Rk, ,q), the determinant

| [y Fy F3 Fy | =1 Qf, for some r € R .We will show that r is a unit.

Let d1 = (lg,lg) and dg = (l4,l5). Then we have l2 = dllé, 13 = dllé with (llz,lé ) =1

and similarly Iy = dol}, l5 = dol; with (I},I£) = 1. Consider the following matrices

1 0 0 14, 5]
A, = 1 0 [l2, 13] 0
1 0 0 0
1 111, (12, 13), (L4, 15) 1515 0 0 |
(1 [, (o 1), (L BB, 0 [l 5]
A, — U [l (I, 13), (Lg, 1)L [lo, 5] 0
1 0 0 0
|1 [l (Iay l3), (I, 1)), O 0 |
(1 [, Tz ), (L )L 0 [l ls)
A = 1 [la,03] 0
1 0 0 0
|1 [l (Iay l3), (la, Is))050, O 0
1 0 0 [54,l5]-
PO E R AR UAA) A YA
1 0 0 0
|1 [l (I, l3), (la, 1))l O 0]

It can be easily seen that each column of Ay, Ay, A3 and Ay is an element of Rx, q).
By proposition 3.1 [8], | F} Fy F3 Fy | = r Qg, divides l4If. One can conclude that
r divides 50}, I5l} and I5l; by the same observation. Thus we have,
r | (lsllillilsls) = (Bl bls), (Tl i)

= (I5(1), 1), 15(14.1L))  and so r is a unit.

=y, l3) = 1
Combining above lemma and theorem for (Kj, «), we have the following result for

complete graph Ky, over any GCD domain.
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e Theorem[48]
Let (K4,c0) be an edge labeled Complete graph over any GCD domain. Then
(i) Dimension of Rk, ) = 4.
(ii) If F={F\,F5,F3,F,} C Rk, o) and | F' | = | F1F, F3F, |then F is a basis for
Rk, o) if and only if | F | = rQg,, where r € R is a unit.

Now we find basis criterion for generalized spline modules on Wheel graph W, with

4 vertices, which is isomorphic to Complete graph K, using the above method.

e Wheel Graph W,[48]

Let Wy be an edge labeled Wheel graph (Fig.4.5(b)). It has four vertices vy,v9,v3,04
and 6 edges, l1,l5,l3,l4,l5 and [g and is isomorphic to Complete graph K. The smallest
leading entries of of splines F5,, F3, F, which are calculated by using the zero trails
of vertices v9,v3 and vy of Wheel graph Wy are [l1,(l2,l3),(l4,l5),(l2,l6,l4),(15,06,3)]; [l2,
ls, (Ig,l4),(ls,l5)] and [l4,l6,l5]

We observe that these leading entries are same as the smallest leading entries of
splines of Complete graph K,. From the definition of Q¢[8], for any graph G, we

have
QW4 == [lla (l2a l3)7 (l47 l5)7 (l27 l67 l4)7 (l57 l67 l3)]'[l27 l37 (l67 l4)7 (lﬁa l5)]'[l47 lﬁa ZS}
hialslalsle (L, 15, o) (Ia, 15) (12, Lo, 14) (15, L, 1s) which i

((lh 127 l3> l47 15)7 <123 l37 l47 l57 lﬁ))(l27 137 147 l57 l6)
equal to Qg,

Now, we can have following theorem for basis criterion for generalized spline modules
on Wheel graph W, which can easily be proved with similar methods used as in case

of Complete graph K4 over any GCD domain.

e Theorem|48]
Let (Wy,«r) be an edge labeled Wheel graph over any GCD domain, R. Then,
(i) Dimension of Ry, o) = 4.
(i) f F = {F\, F5, F3, Fu} C Row, o) and | F | = | Fy Fy, F5 Fy |, then F is a basis
for Row, ) if and only if | F | = r Qw,, where r € R is a unit.

Here we observe that Complete graph K, and Wheel graph W, which are isomorphic
to each other have same set of smallest leading entries for their flow-up splines. Also,
the formula for Q¢ is equal for these graphs and basis criterion for generalized spline

modules on these graphs is same over any GCD domain.
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4.4 Conclusions

Conclusions[48]

We have given basis criteria for R q) on edge labeled Dutch windmill graph and special
cases of Dutch windmill graph such as Friendship graph and Butterfly graph which have
common cut vertices with Cycle graph ), and triangles respectively, over any GCD domain
by using determinantal techniques[8] and flow-up bases. Dutch windmill graph has a lot of
applications in dynamical processes like epidemic dynamics and network synchronization
which are studied on graphs [51]. Our study may help in deeper understanding of structures
of the graphical representation of the spread of infectious diseases which has become an

active area of research in the present times.

By giving basis criteria for two graphs K, and W, over any GCD domain, we show an
example for the conjecture 3.29 [8] claimed by Selma Altinok and Samet Sarioglan.We
observe that graphs which are isomorphic to each other have same or equivalent basis
criteria since smallest leading entries of flow-up splines of these graphs are same and thus

formula, Q)¢ is also same for these graphs.

Further investigations on arbitrary graphs open a possibility of finding proof for general

basis criteria for spline modules on arbitrary graphs over any GCD domain.



