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Abstract

In this paper we derive sufficient optimality conditions and obtain nondominated
solutions for nonlinear constrained fuzzy optimization problem under the concept
of generalized convexity and hukuhara diffrentiability of fuzzy-valued functions.
To derive these conditions we use the partial order relation defined on fuzzy number
spaces.

AMS subject classification: 03E72, 90C70.
Keywords: Fuzzy numbers, Hukuhara differentiability, generalized convexity, non-
dominated solution.

1. Introduction

The optimization under a fuzzy environment or which involve fuzziness is called fuzzy
optimization. In real process opimization, there exist different types of uncertainties in
the system. For enhancing the capability of the optimization in an uncertain environment,
the concept of fuzzy sets has been applied extensively.

Bellman and Zadeh (1970) introduced fuzzy optimization problems in [2] where they
stated that a fuzzy decision can be viewed as the intersection of fuzzy goals and problem
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constraints. After that, various approaches to fuzzy linear and nonlinear optimization
have been developed over the years by researchers.

A. A. K. Majumdar has proved the sufficient optimality conditions for multiobjective
optimization problems using the concept of convexity and generalized convexity in his
paper [13]. Wu has proved the sufficient optimality conditions for optimization problem
with fuzzy-valued objective function and real constraints in [12] using pseudoconvexity
of objective function. Using the approach of [13], in this paper we prove the sufficient
optimality conditions for fuzzy optimization problem with fuzzy-valued objective func-
tion and fuzzy constraints, under the concept of convexity and generalized convexity of
fuzzy-valued function includes more weaker convexity- quasiconvexity also and provide
nondominated solution using partial order relation on fuzzy number spaces and hukuhara
differentiability of fuzzy-valued function.

In Section 2, we introduce definitions, basic properties and arithmetics of fuzzy
numbers. In Section 3, we consider the differential calculus of fuzzy-valued functions
defined on R and R" using the Hukuhara differentiability of fuzzy-valued functions. In
Section 4, we define convexity and generalized convexity of fuzzy-valued function. In
Section 5, we provide nondominated solutions of nonlinear fuzzy optimization problem
by proving the sufficent optimality conditions and illustrate the results by two examples.

2. Fuzzy Numbers

Definition 2.1. [S] Let R be the set of real numbers and a : R — [0, 1] be a fuzzy set
on R. We say that a is a fuzzy number if it satisfies the following properties:

(1) a is normal, that is, there exists xoy € R such that a(xg) = 1;

(i1) a is convex, that is, a(tx + (1 — t)y) > min{a(x),a(y)}, whenever x,y €
R and t €]0,1];

(iii) a(x) is upper semicontinuous on R, that is, {x/a(x) > «} is a closed subset of R
for each o € (0, 1];

(iv) ap = cl{x € R/a(x) > 0} forms a compact set.

The set of all fuzzy numbers on R is denoted by F(R). For all @ € (0, 1], a-level
set ay of any a € F(R) is defined as a, = {x € R/a(x) > «} . The O-level set ay is
defined as the closure of the set {x € R/a(x) > 0}. By the definition of fuzzy numbers,
we can prove that, for any a € F(R) and for each o € (0, 1], ay is a compact convex
subset of R, and we write a, = [Zlof , Ezg ].

a € F(R) can be recovered from its «-cuts by a well-known decomposition theorem
given in [6], which states that

a = Uge[o, o - dg

where union on the right-hand side is the standard fuzzy union.



The Optimality Conditions for Fuzzy Optimization Problem 25

Definition 2.2. [17] According to Zadeh’s extension principle, we have addition and
scalar multiplication in fuzzy number space F'(R) by their «-cuts are as follows:

@®b)y = [al+0bL,al+bY]

o’ o

AOa)y = [r-ak,r-aly,
where d,b € F(R), . € Rand @ € [0, 1].

Definition 2.3. [10] We denote by K the set of all non-empty compact subset of R".
The Hausdorff metric dg on K as defined in [8], is given by

dn(A, B) = max{sup inf [[x — yl|, sup inf |lx — y][}.

xeAVE yeBX€
For A, B € K. Then the metric dy on F(R) is defined as
dr(@,b) = sup {du(aq, ba))

O<a<l
foralla, b € F(R).
Since a, and b, are closed bounded intervals in R,
dr(a,b) = sup max{lal — b, 1a¥ —bY|}.
O0<a<l
In [4], it has been shown that F(IR) with the metric dF is a metric space. Now here
we define partial order relation on fuzzy number space F(R).

Definition 2.4. For & and b be two fuzzy numbers in F(R) and a, = [Zzof, Zlg ] and

Ba = [BOL{, 153 ] are two closed intervals in R, for all « € [0, 1], we define

(i) @ < b if and only if & < bE and ¥ < bY forall a € [0, 1];

a
or
a

Definition 2.5. [16] The membership function of a triangular fuzzy number a is
defined by

(i) @ < b if and only if
ab < bt a
. or
al <pY a
forall ¢ € [0, 1].

S

L >,
<b, <b,

RS R~
A
R R~

By <5V

(r — aL) . L
E;jj;z; lf a  <r<a
~(}") = 3 U —
a u if a<r< aV
(aV —a)
0 otherwise

which is denoted by a = (aL ,a, aU). The «-level set of a is then

ay = [(1 — &)a® + aa, (1 — a)a¥ + aal.



26 V. D. Pathak and U. M. Pirzada

3. Differential Calculus of Fuzzy-Valued Function
First we define continuity of fuzzy-valued function.

Definition 3.1. [9] Let V be a real vector space and F(R) be a fuzzy number space.

Then a function f : V — F(R) is called | fuzzy-valued function defined on V.
Correspondmg to such a functlon f and oe € [0, 1], we define two real-valued

functions f and fU on Vas f (x) = (f(x)) and fU(x) (f(x))g forallx € V.

Definition 3.2. [4] Let f : R" — F(R) be a fuzzy-valued function. We say that f is
continuous at ¢ € R" if for every € >~O, there exists a & > O such that, for all x € R,
with ||x — ¢|| < 8, we have dr(f(x), f(c)) < €.

Proposition 3.3. Let f : R — F(R) be afuzzy-valued functiononR. If f is continuous
at ¢ € R, then functions faL and faU are continuous at ¢ for all @ € [0, 1].

Proof. The result follows using the definitions of continuity of fuzzy-valued function f
and metric on fuzzy numbers. |

Definition 3.4. [S] Leta and b be two fuzzy numbers. If there exists a fuzzy number ¢
such that ¢ @ b = a. Then ¢ is called Hukuhara difference of a and b and is denoted
by aoSyb.

Definition 3.5. [S] Let X be an open subset of R. A fuzzy-valued functionf X —
F(R) is said to be H-differentiable at x if there exists a fuzzy number D f (x¢) such
that the limits (with respect to metric dr)

1
lim — © [f(xo + &) ©x f(x0)]. and 11m — O [f(x0) ©n f(xo — h)]

h—01

both exist and are equal to D f (x0). In this case, D f (xg) is called the H-derivative of
f at xo.

Remark 3.6. Many fuzzy-valued functions are H-differentaible for which Hukuhara
differences f(x° + h) oy f(x%) and f(x°) ©n F(x" — h) both exist. The following
example illustrates the fact.

Example 3.7. Given in [15], let f :(0,27r) - F(R) be defined on level sets by
[f ()] = (1 — @)@+ sin(x)[—1, 1],

fora € [0, 1]. At =7 /2, H-difference does not exist. Therefore, function is not
H-differentiable at x° = 7 /2.

Proposition 3.8. Let X be an open subset of R. If a fuzzy- Valued function f : X —
F (R) is H-differentiable at x¢ with derivative D f (x0), then f and f, FU are differentiable

at xqg for all @ € [0, 1]. Moreover, we have (Df(xo))a = D(fa )(x0), D(fa )(x0)].
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Proof. The result follows from definitions of H-differentiability of fuzzy-valued function
and metric on fuzzy number space. [

Definition 3.9. [11] Let f be a fuzzy-valued function defined on an open subset X of
R" and let x = (X1, ..., X,) € X be fixed.

(i) We say that f has the i th partial H-derivative D, f (x) at x if the fuzzy-valued
function g(x;) = f(x1, ..., Xi—1, Xi, Xi+1,---,Xn) is H-differentiable at X; with
H-derivative D; f(x) We also write D; f(x) as (af/ax,)(x)

(i1)) We say that f is H-differentiable at x if one of the partial H-derivatives

ad f /0x1,...,0 f /0x, exists at x and the remaining n-1 partial H-derivatives exist
on some nelghborhoods of x and are continuous at x (in the sense of fuzzy-valued
function).

Proposition 3.10. Let X be an open subset of R". If a fuzzy-valued function f:X—
F(R) is H-differentiable at ¥ € X. Then f and fU are also differentiable at ¥ € X,

for all & € [0, 1]. Moreover, (D; f(X))e = [D; fL (%), Di fX @), i=1,....n

Proof. The result follows from Proposition 3.3 and 3.8. [

4. Generalized Convexity of Fuzzy-Valued Function

First we define generalized convexity for real-valued function.

Definition 4.1. [1, 13]
(i) Let f : T € R" — Ris convex at x = xo € T if and only if T'is convex and

fOxo+ (1 =Mx) < Af(xo) + 1 = 2) f(x),

forall x € T and A € [O, 1].

f(x) is called strictly convex at x = x if and only if the strict inquality sign holds
in the above inequality. Also, if f(x) is differentiable at xo € T, then f(x) is
convex at x = xg if and only if

(V f (x0))" (x — x0) < f(x) = f(x0),
forallx € T.
(i1) f(x) is said to be quasiconvex at xo € T, with T an arbitrary set, if and only if
fx) < f(xo) = fx+ (1 —1)x) < f(x0),

forallx € T and A € [O, 1].
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f (x) 1s said to be quasiconvex on 7'if and only if it is quasiconvex ateachx € T'.
Furthermore, if f(x) is differentiable at xo € T, f(x) is quasiconvex at x = xg if
and only if

fx) < fxg) = (Vf(x0)' (x —x0) <0, forallxeT.

(iii) A function f(x) defined on an open set 7 C R”, is said to be pseudoconvex at
xo € T (on 7T), if and only if it is differentiable at xo (at each point of 7) with

Vi) (x—x0) >0 = f(x)> f(xo);

or equivalently

fx) < flxo) = V(f(x0)'(x —x0) <0,

forallx € T (forall xg € T).

Definition 4.2. [1, 13] A function f(x), defined on an open set T (C R"), is said to be
strictly pseudoconvex at xo € T (on T) if and only if it is differentiable at x( (at each
point in 7) with

(Vf(xo)' (x —x0) 20 = f(x) > f(x0);
or equivalently

f(x) < fxo) = V(f(x0))' (x — x0) <O,

for each x (# x¢) € T (foreach xg € T).
Now we define here generalized convexity of fuzzy-valued function.

Definition 4.3. Let f: T CR" — F(R) be a fuzzy-valued function and T be a convex
set. We say that f is convex at xg € T if

fOxo+ 1 =2x) = (A0 fxo) ® (1 —1) O f(x))
foreach A € (0,1)andeachx € T.

Proposition 4.4. [11] Let f T CR"— F(R)bea fuzzy -valued function and 7 be a
convex set. Then f is convex at xo € T if and only if f and f, FU are convex at xq for
all @ € [0, 1].

Definition 4.5. f : T — F(R) be a fuzzy-valued function defined on a arbitrary set
T C R". We say that fis qausiconvex at xq if and only if the real-valued functions f

and fa are quasiconvex at xq for all « € [0, 1].

Definition 4.6. f : T — F(R) be a fuzzy-valued function defined on an open set
T C R". We say that f is pseudoconvex (strictly pseudoconvex) at xq if and only if the
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real-valued functions faL and faU are pseudoconvex (strictly pseudoconvex) at xg for all
a e [0, 1].

Example 4.7. Consider the fuzzy-valued function f : R — F(R) defined by
fom=doxneCox?,

where 1 = (0,1,2) and 2 = (1, 2, 3) are trlangular fuzzy numbers Then f is strlctly
convex fuzzy-valued function, since f (x) = ax’>+(1+a)x and f x)=Q2—a)x’+
(3 — a)x are strictly convex functions for « € [0, 1].

We consider here an example of quasiconvex fuzzy-valued function as follows.

Example 4.8. Consider the fuzzy-valued function f : R — F(R) defined by

f) =4I1ox

where 1 = (0, 1,2) is triangular fuzzy number. Squareroot and absolute value of fuzzy
number is defined in [14]. Then f is quasiconvex fuzzy-valued function on R, since

f:XL(x) = /|ax| and faU (x) = /|2 — a)x| are quasiconvex functions for « € [0, 1].

S. Optimality Conditions for Fuzzy Optimization Problem

Consider the following nonlinear fuzzy optimization problem
(FOP) Minimize f(x)= f(xi,..., %)

Subject to g;(x) = (), j=1,....m

xeT CR".

where T is open set and f and g;, j =1, ..., m, are fuzzy-valued functions defined on
T. For (FOP), the solution is defined in terms of a (weak) nondominated solution in the
following sense.

Definition 5.1. Letxoe X ={x e T : g;(x) < 6,j =1,...,m}. We say that an xq is
a nondominated solution of (FOP) if and only if there exists no x;(# xo) € X such that
S (x1) X f(xo). Itis said to be a weak nondominated solution if and only if there exists
no x1 € X such that f(x1) < f(xo).

Using the concept of convexity and generalized convexity of fuzzy-valued function
defined in previous section, we prove here sufficient optimality conditions and obtain
the nondominated solution for (FOP).

Theorem 5.2. Assume that an x( € X satisfies the following conditions (i)—(iii):

(1) f(x), gj(x),j=1,...,m, are H-differentiable at x = xo € X;
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(>i1) f(x), gj(x),j=1,...,m, are convex at x = xg € X;

(iii) thereexistO < u; € R, j =1,...,m, such that

m

(@) Vfif (o) + VI (x0) + ) VE%xo) - uj =0, forall e € [0, 11;
j=1

(b) - &5o(x0) =0, forall j=1,...,m.

Then, xq is a weak nondominated sotuion of (FOP).

Proof. Suppose that xg € X is not weak nondominated. Then there exists x; € X such
that f(x1) < f(xo). That is, there exists x; € X such that

{ fa 1) < fif (x0) N f G < fiF(xo) N { fa (1) < fif (x0)
@) = £ (xo) fd @) < f (x0) fa (1) < f (xo)
for all ¢ € [0, 1]. Therefore
fa D) + £ () < fif (o) + £ (x0),
for all « € [0, 1]. That is,
Fo(x1) — Fy(xp) < 0,
where Fy(x) = faL (x)+ f;U (x), forall ¢ € [0, 1]. By definition of partial ordering, we
have
X = xeTCR":3;(x)<0,j=1,...,m)

= xeTCR": g/, (x) <0and g5,(x) <0, j=1,...,m}

= xeTCR":g/,(0)<0,j=1,...,m}

= xeTCR":g}(x) <0,j=1,....m}
Since xg, x; € X, we have

g5o(x1) — g5(x0) <0

where j € J = {j : ngO(xo) = 0} is an index set of acitve constraints at x = xo. By
assumption (ii) of the Theorem, V F, (xo) (x; — x9) < O, Vg%(xo)(xl —x0) <0,jeJ
and for all ¢ € [0, 1].

Thus, the following system of inequalities V F,, (xg)z < Oforalla € [0, 1], VgrjUO(xo)z
< 0 possess a solution 7 = x1 — x.

Therefore, by Tucker’s theorem of alternatives (ref. [1]), there exist no A > 0 and
M/j > 0 such that

VFy(xo)h+ Y V@4 (xo) - it; =0,
jeJ
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for all @ € [0, 1]. That is,

VfExo) + VY (xo) + ) VEiyxo) -y =0,
jeJ

where 1t ; = ;/j /x and Fy(x0) = £F(x0) + £Y (x0), forall a € [0, 1].
Since J is an index set of active constraints, we have g%(xo) # 0 for j ¢ J. Also
g%(xo) -pj=0for j =1,...,m by (iii)(b) of the Thereom

wi =0 for jé¢lJ.

Therefore
m
> VEjo@o) iy =) V&) - .
jeJ j=1
Therefore, there existno u; > 0, j =1, ..., m such that

Vil xo) + VI (o) + ) VEhy(xo) - pj =0,
j=1

forall « € [0, 1].

Which contradict to (iii)(a) of the Theorem. Hence, x( is a weak nondominated
solution of (FOP). [ |

Theorem 5.3. Assume that an xo € X satisfies the following conditions (i)—(iii):
(1) f(x), gj(x), j =1,...,m,are strictly pseudoconvex at x = xo € X;

(i1) thereexistO0 < u; € R, j =1,..., m, such that

(@) V /i (x0) + Vi (x0) + ) VE5(xo) - j =0, forall o € [0, 1];
j=1

(b) - &5ox0) =0,forall j=1,...,m.
Then, xg is a nondominated sotuion of (FOP).

Proof. Suppose xg is not nondominated solution, then there exists an x| € X such that
FO) = fxo). ie., fy (k1) < fy (xo) and f (x1) < f (x0) forall @ € [0, 1].

By assumption of strict pseudoconvexity of the function f(x) at x = xo, we have
faL (x) and faL (x) are also strict pseudoconvex functions. Using the above inqualities,
we obtain V £ (x0) (x; — x0) < 0and V £V (x0)' (x; — x0) < 0, for all « € [0, 1].
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Furthermore, we have
io(r) — &jp(x0) <0

where j € J = {j : ngo(xo) = 0} is an index set of acitve constraints at x = xg.
Therefore, we have
V Fo(x0)" (x1 — x0) < 0

and
V&% (x0) (x1 — x0) <0

where F,(xg) = fNOlL (x0) + faU (xp), for all « € [0, 1]. Thus, the following system
of inequalities V Fy (x0)'z < 0, ngUO(xo)tz < 0 possess a soltuion z = x; — xq for
o €[0,1].

Therefore, by the Gordan theorem of alternatives (ref. [1]), there exist no A > 0 and
0<u;eR, j=1,...m,suchthat

VFa(xo)h+ ) VEfy(xo) - p; =0,
jedJ
for all « € [0, 1]. That is
7L U = ~U o
V fik (x0) + V£ (x0) + ) VESy(xo) - i =0,
j=1

for all « € [0, 1], violating assumption (ii)(a) of the theorem.
Hence, xg is a nondominated solution of (FOP). |

Theorem 5.4. Assume that an xg € X satisfies the following conditions (i)—(iii):
(1) f (x) is pseudoconvex at x = xo € X
(ii) g;j(x) are quasiconvex and differentiable at xo, for j = 1,...,m;
(iii) thereexistO < u; € R, j =1,...,m, such that
m
() VfLE(xo) + VY (x0) + Z V&iy(xo) - puj =0, forall a € [0, 1];
j=1
(b) jj-8g;(x0) =0,j=1,...,m.
Then, xg is a nondominated sotuion of (FOP).
Proof. We can prove this result similarly as proof of above theorems. [

Now we prove sufficient optimality condition for (FOP) under quasiconvexity of
fuzzy-valued objective function.

Theorem 5.5. Assume that, forxo e X ={x € T : g;(x) < 6,] =1,...,m}.
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(i) f,&;,j=1,..., m are H-differentiable at xo.

(i1) for j € J, where J = {j|§§]0(x) =0,j = 1,~. ..,m}, j #s, ngO is quasiconvex;
for j =, gs‘{) is strictly pseudoconvex and f is quasiconvex.

LetO<pu; €eR,j=1,...,mand xy € X satisfies the following conditions:
m
(1) V(o) + VI (xo) + Y VEh(xo) - pj =0, forall a € [0, 1];
j=I
() pj- g5 x0)=0,j=1,....m.
Then, xg is a nondominated solution of (FOP).

Proof. Suppose x is not nondominated solution, then there exists an x; € X such that
J(x1) = f(xo). Thatis

FE@) < £fE(xo) and £Y (x1) < £V (x0) (5.1)

for all « € [0, 1]. By assumption (i) and (ii) of Theorem, f:f and faU are differentiable
and quasiconvex functions for « € [0, 1]. Moreover,

X = {xeT:g;x) 5(),]’ =1,...,m}
xeT: g% =0,j=1,....m)
Therefore, using Theorem 2.1 of [7], we say that xo € X is a global minimum of faL and

fY for o € [0, 1]. Thatis, £F(x0) < fE(x) and £V (x0) < £V (x) for all x € X and
a € [0, 1]. This contradicts to inequalities (5.1). This completes the proof. |

Here we provide two examples to show the effect of fuzzy modelling of the following
crisp type optimization problem.

Example 5.6.
Minimize  f(x1,x) =2-x{ +2-x3

Subject to : g(x1,x2) = (x] —2)* 4+ (x2 —2)> <3

has the minimum point (x], x3) = (2 — V3/4/2,2 = ~/3/+/2) and minimum value is
£, x5 = 6.419.

Now we consider a fuzzy optimization problem having fuzzy coefficients and we
find the nondominated solution using the otpimality conditions.

Example 5.7. We consider the following fuzzy optimization problem

Minimize  f(x1,x2) = (2 @xlz) ® Q2 ng)
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Figure 1: Mgmbership functions of triangular fuzzy numbers 1 = (-1,1,2), 2 =
0,2,3)and 3 = (2, 3,4).

Subjectto: §(x1,x) =10 x1 =2H DA O (x2—2)*) <3

where 2 = (0,2,3), I = (—1,1,2) and 3 = (2, 3, 4) are triangular fuzzy numbers as
shown in figure 1.
By arithmetics of fuzzy numbers, we obtain f:XL (x1, x2) = 2oex12—|—2oex§, faU (x1, x2) =
B-a)xi+B—a)xsand g (x;, x0) = Q—)(x1 —2)* + 2 —a)(x2 —2)* < 4—a).
We also obtain
ViLE(x1,x2) = 332

VfaU(x1,x2) = ( ;8 :Z;g ) and

Vgy (x1,x2) = ( gg; B g; )

For checking the conditions (a) and (b) in Theorem 5.3, we need to solve the following
system of equations:

ax) +3x1 4+ 2ux; —4pu =0
oxy) +3x2 +2ux) —4u =0
o (1 =27+ (2 —2)° —2) =0.

Then we get (x1,x2) = (1, 1) and u = (o + 3)/2. We see that (x1, x2) = (1, 1) is the
feasible solution to the given (FOP).

For any fixed o € [0, 1], we see that faL , ;U, gof and gg are strictly convex, i.e.,
striclty pseudoconvex. Therefore from Theorem 5.3, we say that (x],x3) = (1,1)
is nondominated solution to the given (FOP) and minimum value of the fuzzy-valued
objective function is 4= (0, 4, 6) having 4, = [4a, 6—2a]. We defuzzify the minimum
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Figure 2: Membership functions of triangular fuzzy numbers 1 = (0, 1,3) and 2 =
(1,2,4).

value using the center of area method given in [6] as 3.3333. If we compare with this
solution with a solution to crisp type of optimization problem in example4.8 which is
6.419. We observe that by approximating coefficients as fuzzy numbers we get better
minimum value.

Remark 5.8. In the above example, we have solved fuzzy optimization problem having
fuzzy coefficients are nonsymmetric left spread triangular fuzzy numbers. If we spread
nonsymmetric triangular fuzzy numbers on right side as shown in the following figure
2, then nondominated solution of the same fuzzy optimization problem is given by
7, x)=02— 2/\/6, 2 — 2/x/6) and minimum value is f(xi‘, x3) = (2.8,5.6,11.2).
Its defuzzified value is 6.533.

If we consider fuzzy coefficients are symmetric triangular fuzzy numbers as shown
in figure 3,then the nondominated solution will be (x], x3) = (1, 1) and u = 4. In this
case, minimum value is 4= (2, 4, 6) and its defuzzified value is 4.

Thus fuzzification of the parameters representing coefficients of the x% and x% in f
and coefficients of (x| — 2)2, (xp — 2)2 in g has a significant effect on the nondominated
solution and the defuzzified value of the objective function.

Example 5.9. Let f and g are fuzzy-valued functions defined on R? as

faLx)=00xH)@Q20x)®(—3)Ox1) @ ((—3) O x2)

and . 3 3
gx1,x) =B 0x1) @B Ox)®(=7)

where 1 = (0, 1,2), (=3) = (-4, -3,-2),3 =(2,3,4),5 = (4,5,6) and (=7) =
(—8, =7, —6) are triangular fuzzy numbers.
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Figure 3: Membership functions of triangular fuzzy numbers 1 = (0, 1,2) and 2 =
(1,2, 3).

Using the above fuzzy-valued functions, we consider the following fuzzy optimiza-
tion problem

min f(x1,x) =(10xH®QR0Ox3) & ((—3) ©x1) ® ((—3) O x2)

subject to constraint : g(xi,x2) = BoxNDdBGOxX®(=7) =<0

where 0 = (0, 0, 0).
Using arithmetics of fuzzy numbers, we obtain

FEy ) =ax? + 1+ a)x3 + (=4 + a)x; + (—4 + a)x2

and
f (1, x0) = @ —a)xf + B — a)x; + (=2 — a)xg + (=2 — a)xa.
and
b, )=+ + @G+ o)+ (-8 +a)
and

§g(X1, x)=@—-a)x;+ 6 —a)x+ (—6 — a).
Now we have

V];aL(Xl,Xz) _ ( 20x1 + (—4 4+ @) >,

20+ a)xp + (—4 + «)

U _ 2(2—0{))6] _2—Ol)
Ve (x1,x2) = ( 2—a)x2 —2— ) >’

Vi (x1,x2) = ( 2 )
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For checking the conditions (a) and (b) in Theorem 5.4, we solve the following system
of equations:
4x1 —6+4pu =0
8xr —6+6u=0

W (4x; +6xp —6) =0.

33 6 9
Then, we get (x1, x2) = (3—4 ﬁ) and u = 7 which is feasible solution to the given
(FOP).

For any fixed o € [0, 1], we see that faL, faU are strictly convex, i.e., pseudoconvex.
Also, §é‘ and go‘{ are convex. i.e., quasiconvex. Therefore, by Theorem 5.4 we say that

33 6
(x1, x2) = | —, — ) is nondominated solution.
34" 17

6. Conclusion

In this paper, we have defined the concept of generalized convexity of fuzzy-valued
functions. Using these, we have proved the sufficient conditions for x to be the nondom-
inated solution of fuzzy optimization problem. We have also provided the two examples
to illustrates the application of the theorems and have shown then the fuzzification of
crisp otpimization problem does have significant effect on the solution.
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