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FIRST AND SECOND-ORDER OPTIMALITY CONDITIONS FOR
UNCONSTRAINED L-FUZZY OPTIMIZATION PROBLEMS

U. M. PIRZADA AND V. D. PATHAK

ABSTRACT. Based on the concept of parametric total order relation on L-fuzzy
numbers defined by S. Saito and H. Ishi [9], this paper establishes the first and
second order necessary and sufficient optimality conditions for unconstrained
multi-variable L-fuzzy optimization problems.

1. INTRODUCTION

The concept of fuzzy sets was introduced by L.A.Zadeh (1965). After this, many
applications of fuzzy sets have been developed. One of them is fuzzy optimization,
which accounts for any imprecision in the optimization problems. Bellman and
Zadeh(1970) introduced fuzzy optimization problems in [1] where they have stated
that a fuzzy decision can be viewed as the intersection of fuzzy goals and problem
constraints. Afterwards, a lot of articles dealing with fuzzy optimization problems
were published.

In this article, we use the definition of the total order relation on L-fuzzy number
space introduced by S. Saito and H. Ishi [9]. We define the twice H-differentiability
of fuzzy-valued functions over R™. Using these concepts, we establish the first and
second order necessary optimality conditions and second order sufficient optimality
conditions for unconstrained multi-variable L-fuzzy optimization problems.

The paper is organized in 6 sections. In section 2, we give some basic definitions
regarding fuzzy numbers and fuzzy arithmetic. Section 3 provides continuity and
H-differentiability of fuzzy-valued functions defined on R™. We define a paramet-
ric total order relation on fuzzy number space and local optimum for fuzzy-valued
functions in Section 4. Moreover, we prove first and second order optimality con-
ditions for a local optimum. In Section 5, we provide some illustrative examples to
justify the results. Finally, we conclude in Section 6 with a summary of the results
established.

2. Fuzzy NUMBERS

Definition 1. [2, 8] Let R be the set of real numbers and @ : R — [0, 1] be a fuzzy
set on R. We say that a is a fuzzy number if it satisfies the following properties:

(i) a is normal, that is, there exists zg € R such that a(zg) = 1;
(ii) a is convex, that is, a(tz + (1 — t)y) > min{a(z),a(y)}, whenever x, y
€Randt e 0,1];
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(iii) a(z) is upper semicontinuous on R, that is, {z/a(z) > a} is a closed subset
of R for each a € (0, 1];
(iv) ap = cl{z € R/a(x) > 0} forms a compact set.

The set of all fuzzy numbers on R is denoted by F(R). For all a € (0, 1], a-level
set Go of any a € F(R) is defined as a, = {z € R/a(x) > a} . The 0-level set ag is
defined as the closure of the set {x € R/a(x) > 0}. By definition of fuzzy numbers,
we can prove that, for any a € F(R) and for each a € (0,1] , a,, is compact convex
subset of R, and we write @, = [a%,aY]. a € F(R) can be recovered from its a-cuts

by a well-known decomposition theorem, which states that
a= UaG[O,l]a Qo
where union on the right-hand side is the standard fuzzy union.

Definition 2. [4, 7] For any a,b € F(R) and A € R, we define uniquely the addition
a @ b, difference a © b and product A ® a as fuzzy numbers by defining their a-cuts
as follows:

(@a®b)e = Jak+0bEay +0bY]
(@ebe = [ak by, al — bk
A@a)e = [M-ak X -aY], Vaelo,1].

Definition 3. A fuzzy number a € F(R) is said to be a L-fuzzy number if its
membership function pz is defined as

ey L(mf) for £<m
o€ ={ L) Jur €5

where m € R, I > 0. L is a mapping from [0,00] into [0,1] and L(&)y =
max(L(§),0). The set of all L-fuzzy numbers on R is denoted by Fi,(R).

‘«/‘f‘r

Definition 4. The membership function of a triangular fuzzy number a is defined
by
EZ ZL) if a" <r<a
Ca(r) = EZU 2 ifa<r<a¥
0 otherwise

which is denoted by @ = (a’,a,aV). Here L(£) is given by
11— —S~ifat<¢<a
| lTmm s
1-— (ana) ifa<é<a?
The a-level set of a is

i = [(1 = a)a” + aa, (1 — a)a¥ + aa).

Here, we can see that triangular fuzzy numbers are particular case of L-fuzzy
numbers.

3. DIFFERENTIAL CALCULUS OF FuUzZY-VALUED FUNCTION

3.1. Continuity of Fuzzy-valued Function.
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Definition 5. [7] We denote by K the set of all non-empty compact subsets of R”™.
The Hausdorff metric di on K as defined in [5], is given by

dy (A, B) = max{sup inf ||z — y||, sup inf ||z — .
(A B) = max{sup inf |12~y up fnd 12—y}

Then the metric dp on F(R) is defined as

dp(a,b) = sup {dy(da,ba)}, for all @,be F(R).
0<a<l

Since G, and b, are closed bounded intervals in R,

dp(a,b) = sup [max{|ag — bzl laq — ba1}].
0<a<l1
Definition 6. [6] Let V be a real vector space and F'(R) be a fuzzy number space.
Then a function f : V' — F(R) is called fuzzy-valued function defined on V. Cor-
responding to such a function f and « € [0,1], we define two real-valued functions

fEand fY on V as fL(z) = (f(x)% and fY(z) = (f(x))Y forall z € V.

Definition 7. [8] Let f:R"™ = F(R) be a fuzzy-valued function defined on R™.
We say that f is continuous at ¢ € R™ if for every € > 0, there exists a § > 0 such
that, for all z € R™, with ||z — ¢|| < 8, we have dp(f(z), f(c)) < e. That is,

tim f(x) = f(c)
Proposition 1. [8] Let f : R" — F(R) be a fuzzy-valued function on R™. If f

is continuous at ¢ € R™, then functions fL and fU are continuous at c for all
a € [0,1].

3.2. H-differentiability of Fuzzy-valued Function on R. Let & and b be two
fuzzy numbers. If there exists a fuzzy number ¢ such that ¢ @ b = a. Then ¢ is
called Hukuhara difference of @ and b and is denoted by a O b.

The following proposition is very useful for considering the differentiation of
fuzzy-valued function.

Proposition 2. [8] Let a and b be two fuzzy numbers. If the Hukuhara difference
¢=aopyb enists, then ¢& = al — bl and e¥ = a¥ — by for all a € [0,1].

Definition 8. [8|Let X be an open subset of R. A fuzzy-valued function f:X -
F(R) is said to be H-differentiable at xg if there exists a fuzzy number D f(z) such
that the limits

lim = © [f(zo+h) ©n f(zo)] and lim + © [f(z0) ©n f(zo — h)]

h—0+ h—0+
both exist and are equal to D f(x0). In this case, D f (x0) is called the H-derivative
of f at xg.

Proposition 3. [8] Let X be an open subset of R. If a fuzzy-valued function
f: X — F(R) is H-differentiable at xo with derivative Df(x), then fE and
fYU are differentiable at xo for all a € [0,1]. Moreover, we have (Df(x0))a =
[D(f2) (o), D(fs)(o)]-
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3.3. H-differentiability of Fuzzy-valued Function on R".

Definition 9. [8] Let f be a fuzzy-valued function defined on an open subset X of
R™ and let T = (%1, ..., %) € X be fixed.

(i) We say that f has the i*" partial H-derivative D;f(Z) at Z if the fuzzy-
valued function g(z;) = f(?ch s Bie1, Ly Tit1, .-, Tn) is H-differentiable at
Z; with H-derivative D;f(Z). We also write D; f(Z) as (Of /8z;)(Z).

(ii) We say that f is H-differentiable at z if all the partial H-derivatives
df )01, ...,0f |0z, exists at Z and all but except possibly one partial H-
derivatives exist on some neighborhood of Z and are continuous at Z (in
the sense of fuzzy-valued functions).

(iii) We say that f is continuously H-differentiable at Z if all of the partial H-
derivatives 8f/8xi,i = 1,...,n, exist on some neighborhood of Z and are
continuous at Z (in the sense of fuzzy-valued functions).

Proposition 4. Let X be an open subset of R". If a fuzzy-valued function f:
X — F(R) is H-differentiable at z € X. Then L and fo[i are also differentiable
at & € X, for all a € [0,1]. Moreover, (D;f(Z))a = [Di(fE)(Z), D:(fV)(2)], i =
1,...,n.

Proof. The result follows from Proposition 1 and 3. O

Proposition 5. Let X be an open subset of R™. If a fuzzy-valued function f :
X — F(R) is continuously H-differentiable at © € X. Then fL and fU are also
continuously differentiable at T, for all o« € [0, 1].

Let f be H-differentiable at z. Then the gradient of f at Z is denoted by

Vf(j) = (le(‘f)7 7an~(j))7

and it defines a fuzzy-valued function from X to F"(R) = F(R) x ... x F(R) (n
tin}es), where each D;f(Z) is a fuzzy number for i = 1,...,n. The a-level set of
V f(Z) is defined and denoted by

Definition 10. Let f : X — F(R),X c R” be a fuzzy-valued function. Suppose
now that there is € X such that gradient of f, Vf, is itself H-differentiable at z,
that is, for each i, the function D;f : X — F(R) is H-differentiable at Z. Denote
the H-partial derivative of D; f in the direction of e; at z by
:  Pf(@)
2 . . .
Dijf or My if i # 7,
and
0*f(z

D2 f or ax(z),z‘fz‘:j.
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Then we say that f is twice H-differentiable at Z, with second H-derivative V2 f (7)
which is denoted by

0*f(z) 02 f(x)
0% E)z% Ox10x,
Vef(z) =
9% f(z) 9% f(z)
Oz, 011 ox2

& f(z ..
where aszng € F(R), i,j = 1,....n.

If f is twice H-differentiable at each Z in X, we say that f is twice H-differentiable

02
on X, and if for each i, j = 1,...,n, the cross-partial derivative 83 afz is continuous
iOTj

function from X to F(R), we say that f is twice continuously H-differentiable on
X.
The a-level set of V2f (Z) is defined and denoted in matrix notation as
(V2f(@)a = (D} f(2))a)
ij = 1,..,n and « € [0,1], where (ijf(g’c))a denotes a-cut of (Df]f(:i))

Proposition 6. Let f: X CR" = F(R) is differentiable with deriative Vf on X
and let each D;f : X — F(R), i = 1,...,n, is also differentiable at T with derivative
D?jf(f), i,j=1,.,n. Then D;ft and D;f!U are also differentiable at %, for all
a € [0,1]. Also, we have (D, f(%))a = [DF;(f2)(x), D (f)(@)], i.j = 1,...,n.

Proof. Follows by Proposition 3.4. O

4. OrPTIMALITY CONDITIONS

4.1. Total order relation on Fi(R). Let f: X C R" — F(R) be a fuzzy-valued
function, where F,(R) is the set of L-fuzzy numbers. Inspired by [9], we define here
a total order relation on L-fuzzy numbers as follows

Definition 11. For any a,b € Fy, (R), we say that a <y b, where ”<,” is a paramet-
ric order relation on F(R), for 0 < A < 1 if only one of the following inequalities
hold:

(i) At —ag) +af < Al — b§] + bt for af —ag < by — bf

(i) Aal —af]+ af < A[pf — bf] + b} for a¥ — al > vt — b
It can be easily proved that ”=<,” for any fixed A € [0,1] is a total order relation
on F(R). @y b is defined by b < a.

We write @ < b if and only if @ ) b. That is, @ <y b if and only if the following
inequalities fail simultaneously or hold simultaneously
() A — B] + B < Alab — af) +af for b — bf < af - af
(i) A[pY —bf] + ol < Naf —ab] + af for o — bf > af —af
Also a =) b is defined by b <) a.

4.2. First-Order Condition. Consider unconstrained L-fuzzy optimization prob-
lem

Minimize f(z), T€ X
where f : R" — FL(R) is a fuzzy-valued function and X C R". First we define
local minimum (maximum) and strict local minimum (maximum) of a fuzzy-valued
function
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Definition 12. Let f: X CR" — F.(R) and A € [0,1] be fixed.

(1) A point z* € X is a local minimum (maximum) of f with respect to
parametric total order relation ”=<,” , if there exists r > 0 such that
(@) =x f(@) (F(@*) = f(7)), for all & € X N B(z*;7).

(2) A point z* € X is called a strict local minimum (maximum) of f with
respect to parametric total order relation ”=,", if there exists r > 0 such
that f(z*) < f(Z) (f(&*) =x f(2)), for all & € X N B(z*;7).

We present now first-order necessary condition for optimality of a multi-variable
fuzzy-valued function.

Theorem 1. (FONC) Suppose * € intX = {T € X / there exists r > 0 such
that B(z*;7) C X} C R™ be a local minimizer of f : X — Fp(R) with respect to
parametric total order relation “<)”. Suppose also that f is H-differentiable at T*.
Then N[V f(z*) — VfE(@*)] + VfE(z*) = 0.

Ifroof. Since z* € intX a local minimum of f on X, by definition, we have f (Z*) =2
f(z) for all z € X N B(z*;r).
That is, only one of the following inequalities hold:

(i) A[fﬁ(f?*)*f&( I+ fLET) < A[fl( ) = fo ()] + ff(2)
for fi(z*) — fo'(z*) < f1 (z) - ( ) i

(i) A[fi(a’?) fo (@) + (w*) < [ (@) = fo ()] + (@)
for ff(z*) — fi'(@*) > f(2) - f§ ()

Therefore, for any z € X N B(Z*;r) we have either
AL (@) = Jo (@) + FE @) < AU () - 5 (@) + JE (@),
or
MFE (@) = fo @)+ FE@*) < AU @) - f5 @) + fi (@),
Let & = [0,...,1,...0]7 be a unit vector 1 in the i*" location. Then (T* + hé;)

with h > 0 will represent a purturbtation of magnitude h in Z* in the direction é;.
Let T = Z* + he; , where h < r, then we have

AL (@) = Jo (@) + FE@*) < or < AUE@E +R) = fo (2" + )]+ fE @ +h)
Similarly, for £ = z* — he; , we have
ANFE@E) = fo @)+ FL@) < or < AFE@E —h) = fo (@ —m)]+ fL @ —h)
for sufficiently small h. That is,
(4.1)

A(FE@ +0) = FE@)) = A(JE@ 0 = fE @) + FE@ +m) = FE@) > or 20,

(4.2)
AFE@ =) = Fl@)) - A(fE@ —h) - fE @) + @ —n) - fE @) > o >0,
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Since f is H-differentiable at z*, by Proposition 3.4, f(f is also differentiable at T*
for all @ € [0,1]. Dividing the inequalities (4.1) and (4.2) by h and —h respectively
and taking limit as h — 0, we get

AV @) = Vi@ + V@) =0

AV (@) = Vg (@) + Vi ET) <0
which gives
AV (@) = Vg (@) + V") =o.
O

4.3. Second-Order Conditions. In this section, first we present the second-order
necessary conditions for optimality of a fuzzy-valued function defined on R™.

Theorem 2. (SONC) Suppose f : X C R* — Fr(R) be a continuously H-
differentiable fuzzy-valued function, and T* in X is a point in the interior of X.
(1) If f has a local minimum at Z*, then N[V2 fL(z*) — V2 fE(39)] + V2 fE (z*)
is positive semidefinite. } } .
(2) If f has a local mazimum at 7*, then A\[V2 fL(z*) — V2 fL(z9)] + V2 fE(z7)
s negative semidefinite.

We adopt a two step procedure to prove this theorem. We first prove this result
for the case where n = 1 i.e.,, (X C R) and then we use this result to prove the
general case.

Proof. Case 1: n =1

When n =1, f: X CR — F(R) and A\[V2fE(z*) — V2f&(z9)] + V2 fE () is
real number. We have to prove that
MV FE @) = V2 fo (@) + V2T (z7) 2 0.
Since f has a local minimum at z*, by definition, we have f(z*) < f() for all
zeXn B( *;7) and r > 0. That is, only one of the following inequalities hold:

(D) AFE@E) - 8 ( N+ L@ )</\[f1( ) = fe @) + fE(@)
for ff(z*) — fi (@) <~f1 (Z) — @) .

(it) ALFE (7*)—f0( )]+ff(f) [f1L( ) = fo @)+ (@)
for ff(z7) — fo (%) > fE (@) - f§(2)

foralz € XN B(z*;r) and 0 < A < 1. )
Consider Taylor’s series expansion of f& at z* for sufficiently small h such that
Z*+ h € B(Z*;r) and

FE@* 4 1) = FH@) + hDFE@) + LW D L) + O0)

Using this,
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R R GO R RO R R CO R HC R ACp) B
+h{AIDFE ") - DFf@")] +
DfEE)} +
h2

At at) - D) +

Dl |
+O(h?)
At local minimum, A\[Dff(z*) — DfE(z*)] + DfE(z*) = 0. Upon choosing h suffi-
ciently small, we can ensure that the term
P MD2FE @) - D2 + D))
dominates the remainder term O(h?®). Thus at a local minimum, we have

AD*f{ (") = D f (z)] + D (z%) > 0.

Case2: n>1

We prove part 1. Let Z* be a local minimum of f on X. We have to show that
for any z € R™ |, z # 0, we have z Az > 0, where

A= NV (@) = V2 fg (7)) + V2 (@),

Pick any z € R", define the fuzzy-valued function § : R — F(R) by g(t) =
(@ +t2).

Note that §(0) = f(z*). For |t| sufficiently small, f(z*) <x f(z* + tz), since
f(Z) has a local minimum at z*.

It follows that there exists a € > 0 such that g(0) < g(¢) for all ¢ € (—¢, ¢). That
is, 0 is a local minimum of g.

By case 1, therefore we must have

A[D?31 (0) — D?35 (0)] + D?31 (0) > 0.

On the other hand, it follows from the definition of g, that § is twice continuously

H-differentiable, as g(t) = f(z* + tz) and
ALD51(0) = D5 (0)] + D1 (0) = 2/ Az
where A = A\[V2fL(z*) — V2fl(z%)] + V2 fE(z*) , so that
2 Az = AID*31(0) - D35 (0)] + D3 (0) 2 0,
as desired. This completes the proof of Part 1. Part 2 is proved similarly. O

Now we prove the second-order sufficient conditions for z* to be a strict local
minimizer (maximizer) of a fuzzy-valued function defined on R™.
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Theorem 3. (SOSC) Suppose f : X C R" — Fr(R) is a twice continuously
H-differentiable function.

(1) FAVFE@E) = V@) + VflL(_*) =0 and \[V2f{(z%) — V2[5 (@")] +

VZfL(_ ) is positive definite, then T* is a strict local~ minimum off on X.

(2) If AIVfE(@E") = VIE(@)] + V@) = 0 and V2 FE(@) — V2 f§ ()] +

VZfL( *) is negative definite, then T* is a strict local mazimum of f on X.

Proof. We prove Part 1, Part 2 is proved similarly. Here we have to prove that z*
is a strict local minimum of f on X. That is, by definition

f@) < f(@)
for all z € X N B(z*;7) and for fixed A € [0, 1].

That means, we have show that the following inequalities fail simultaneously or
hold simultaneously.

() AUE@) = f§ @) + L @) < AU () = fi @] + fE (@)
for f(z) — fi'(z) < f(fc*)— fo (%) .
(il) ALE() = f§ (@) + L (@) < AU () = fo(@)] + f(z7)
for f{(z) - J§ () = f(z*) - f§ ()
1

(z 0
for all z € X N B(z*;r) and for fixed A € [0, 1].
Let HY(z*) = N[V2fE(z*) — V2fE(z%)]) + V2 fE(z%). Using assumption 2, and
Rayleigh’s inequality (Ref. [3], pp. 34) it follows that if d # 0 then
Amin(H" (@) |d]|* < d"H"(z")d

where Apin (HY(Z*)) is the smallest eigen value of H%(Z*). By Taylor’s theorem
and assumption 1,

(W@ +d) - @+ a)+ fh@ + )} {A[ff@*) — JE@) + FEah}

= CZTHL( “)d+0(ld|)

)‘mm(ﬁL(i*))

s lldl* + o)

>

Hence for all d such that ||d|| is sufficiently small,
D@ +d) = o @ + ]+ [l @ +d)} > AFHE) - fo @)+ fH @)
This inequality fails the above two inqualities (i) and (ii) simultaneously. There-
fore we say that f has strict local minimizer at z* with respect to the total order
relation 7 < 7. O
5. ILLUSTRATIVE EXAMPLES
Example 1.
Minimize f(z1,22)=(1023) ® 050 23) @& B@xs) ®45, 21, 33 €R

where 1 = (0,1,2), 0.5 = (0.4,0.5,0.6), 3 = (2,3,4) and 4.5 = (3.5,4.5,5.5) are tri-
angular fuzzy numbers defined on R and with respect to total order relation” <7
for some fized X € [0,1].
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Here fE(z1,25) = az? 4 (0.4 + a0.1)z3 4+ (2 + @) z2 + (3.5 + ),

Vid = < 2(0.4+o.12§§?2 +(2+a) ) :
By first order necessary condition AV fL(z) — V(@) + VfE(z) = 0.
That is
A2z +2x1 =0
A0229+1)+22+3=0
Solving these equations, we get parametric solution

- (o, (A+3) )

S\ 02a+1
Now
V2T (@) = V2 i (@)] + V2 fE (@) = ( P07 oaaa )

where

2 7L =\ 2c 0
Vifa (@) = ( 0 204+0.1a) )
Since this matriz is positive definite for all X € [0,1], the point T* = (O, —0(_);_?_)1)

satisfies the FONC, SONC and SOSC. So it is a strict local minimizer of given
fuzzy-valued function.

Example 2.

Minimize f(x1,25) = (10 2?) @ ((-1) ©z2), z1,25 € R
where 1= (0,1,2) and (—1) = (=2, —1,0) are triangular fuzzy numbers defined on
R and with respect to total order relation ” <7 for some fized A € [0, 1].

Here fE(x1,20) = aa? + (=2 + a)a2,

L 2001
Via = < 2(=2+ a)zy

By first order necessary condition NV fE(z) — V fE(z)] + VfE(z) = 0.
That is

A2z1+ 221 =0

A2zxo — 2z = 0.

Solving these equations, we get the solution
z* =(0,0).

We evaluate
AV - i it = (7,0 )

where

Vi) = ( o 2(720+ a) )
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The point z* = (0,0) satisfies the FONC but SONC is not satisfied, since 2\+2 >
0 but (2A +2)(2\ —2) < 0 for A € [0,1). Therefore z* = (0,0) is not optimum
point for given fuzzy-valued function, if A € [0,1).

6. CONCLUSION

In this article we have used the concept of L-fuzzy numbers and a total order
relation ”=<,” on space of L-fuzzy numbers as introduced in [9]. By considering
the optimization problems with respect to this total order relation, we have derived
the first and second order neccessary conditions as well as second order sufficient
conditions for optimality of a fuzzy-valued function defined on R™. We have also
given two illustrative examples to justify the conditions.
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