Int. J. Adv. Appl. Math. and Mech. 3(4) (2016) 135-141 (ISSN: 2347-2529) IJAAMM

Journal homepage: www.ijjaamm.com v
International Journal of Advances in Applied Mathematics and Mechanics

On heat equation and its comparative solutions

Research Article

U.M. Pirzada *, D.C. Vakaskar

Department of Applied Mathematics, Faculty of Tech. and Engg., M. S. University of Baroda, Vadodara-390001, India

Received 07 May 2016; accepted (in revised version) 05 July 2016

Abstract: The comparative study is conducted between the Adomian decomposition method and the separation of variables
method for solving heat equation. One dimensional heat equation with homogeneous boundary conditions and
polynomial initial condition is solved using modified Adomian decomposition method and compared the solution
by the separation of variables method.
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1. Comparison of solutions of heat equations

The heat equations are solved using traditional separation of variables method. The method is very well-known
for solving heat, wave and Laplace equations. However, the method is less efficient to solve some problems like non-
homogeneous equation with non-homogeneous boundary conditions or variable coefficients equation. Adomian de-
composition method is more efficient to solve ordinary and partial, non-homogeneous or homogeneous differential
equations [1, 2]. Some recent work on Adomian decomposition method and Laplace decomposition method found
in the literature (see [3, 4]). Also Adomian method gives relatively simple expression compared to the separation of
variables method. The comparative study is conducted by Alice Gorguis and W.K. Benny Chan in [5]. However, we see
that, in one example the solutions do not match using both the methods. We correct the solution of the heat equation
which is solved by Adomian method in [5]. First we consider the example of heat equation given in [5].

Example 1.1.
The heat equation is

Ui=Uyxx,0<x<m t>0 1)
with boundary conditions

uo,H=U0(@m,1)=0,t>0 )
and initial condition

Ux,00=x%,0<x<7. 3)

A solution of the heat equation using separation of variables method is given as follows [5]:

R R Py N S PP .
Utrn =) e { =™+ ()" - D} sin(n. @
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Fig. 1. Solution of heat equation using separation of variables method
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Fig. 2. Solution of heat equation using usual Adomian decomposition method

The solution (4) is shown in the Fig. 1. The same problem is solved using Adomian decomposition method in
[5]. The solution obtained is as follows:

Ux, t) = x° +2¢ (5)

The solution (5) is shown in Fig. 2.

Solution of heat equation (1) have different solutions shown in Fig. 1 and Fig. 2. This shows that solution using
Adomian method is not correct as it does not satisfy the specified boundary conditions. The heat on boundaries are
U©,1) =2tand U(r, t) = 7° + 2t using the solution (5), which are different from boundary conditions (2) in the given
problem.

We modify the approach of Adomian method to find the correct solution of problem (1) with conditions (2) and
(3). This approach is given in [6]. We express the initial condition U (x,0) = x? by Fourier series. That is, by half-range
sine series

()
U(x,0) = x*= Y Bysin(nx), 6)
n=1
where
2 T
B, = —f x2sin(nx)dx. (7)
T Jo

Integrating by parts, we get

Bn:{z—”(—l)”“+i((—1)”—1)} ®)
n mnd
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Now we apply usual Adomian method. Equation (1) can be re-written in operator form as

LiU(x,t) =Ly U(x,1),0<x<m, t>0 9)
0 0? , - : :
where L; = 3 and Ly, = Iz are partial derivative operators. We assume that L; and and Ly are invertible, therefore
their inverse operators are given as
t
L' :f (dt, (10)
0
and
1 X X
L. 0= f f (dxdx. (11)
0 Jo
Applying inverse operator L;l (.) to the both sides of equation (9), we get
Ulx,1)-U(x,0) =L?1(LxxU(x, 1). (12)
Using the initial condition (3),
Ux,t) = x* + L7 (L Ux, 1). (13)
The decomposition method defines the unknown function U(x, ) into a sum of components defined by the series
o0
Ux,0)=)_ Un(x, 1) (14)
n=1

where the components Uy (x, t), U; (x, 1), Uz (x, t),... are to be determined. Substituting (14) into (13) yields

() o0
Up(x, 1) = x* + L; Y(Lyx Y. Un(x, 1). (15)
n=1 n=1
The decomposition method suggests that the zeroth component Uy(x, t) is identified by the terms arising from
the initial, or boundary conditions and from the source terms. The remaining components of U(x, f) are determined
in a recursive manner such that each component is determined by using the previous component. Accordingly, we
set the recurrence scheme

Up(x, 1) = 7, Uk1(x, 1) = L (Lex Uk (x, ) k= 0. (16)
Now using equation (6), we express Uy (x, t) = x> by half-range Fourier sine series. This gives
o0
Uo(x,0) =x*=)_ Bysin(nx), a7
n=1
where B, are given by equation (8). U;(x, ), Uz (x, ) ,... are determined individually by,
Ur(x,8) = L7 (LyxUo(x, 0) = L (Lyx Y., Bysin(nx)). (18)
n=1
Therefore,
o0
Ui(x,0)=—t Y Byn*sin(nx). (19)
n=1
()
Up(x, 1) = L7 (LexUr (x, 1)) = L7 (Lyx (=t Y, Byn®sin(nx))). (20)
n=1
Therefore,
t2<w
Us(x, 1) = o Y B,n*sin(nx). 1)
* n=1

Consequently, the solution U(x, t) in a series form is given by

U(x, 1) = Up(x, £) + Uy (x, 1) + Up(x, 1) + ... 22)
Therefore,
o) 2
UGt 0= Y. Busin(n)(1+(-tn?) + (%n‘l) + o), 23)
n=1 :

which is equivalent to

(e.0)
Ux,0)= Y Bysin(nx)e™ ™", (24)
n=1
where Bj, are given by equation (8). Solution is shown in the Fig. 3. We see that the solution (24) of heat equation (1)
same as (4) satisfies boundary conditions (2) and initial condition (3).



138 On heat equation and its comparative solutions

tdata 00

x data

Fig. 3. Solution of heat equation using modified Adomian method

Now we consider an another example of heat equation.

Example 1.2.
The heat equation is

Ui=Uyy, 0<x<m, t>0
with boundary conditions
Uuo,n)=U(r,1)=0,t>0
and initial condition
U(x,0) = x.
A solution of the equation using separation of variables method is given as follows:

00 _1\n+l
Ux, t) = Z &

n=1

a2t
e "lsin(nx).

The solution (28) is shown in the Fig. 4. Using Adomian decomposition method, we get the following solution.

t data 00

x data

Fig. 4. Solution of heat equation using separation of variables method

Ux,t)=x

(25)

(26)

27

(28)

(29)

The solution (29) is shown in Fig. 5. Fig. 4 and Fig. 5 shows that solutions of heat equation (25) with boundary condi-
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Fig. 5. Solution of heat equation using Adomian decomposition method

tions (26) and initial condition (27) are different. The solution using Adomian method is same as the initial solution
and it does not satisfy the specified boundary conditions.

We modify the approach of Adomian method to find the correct solution. We express the initial condition
U(x,0) = x by Fourier series. That is, by half-range sine series

[e.°]
U(x,0)=x= ) Bpsin(nx), 30)
n=1
where
2 T
B, = —f xsin(nx)dx. (31)
T Jo

Integrating by parts, we get

2(_1)n+1 }

an{ -

(32)

Now by applying Adomian method using the initial condition in the form (30), we get the following solution.

e 2
Ux,t)=Y Bpsin(nx)e ', (33)

n=1

where B, are given by equation (32). The solution using modified Adomian method is shown in the Fig. 6. By compar-
ing the solution of Fig. 4 and Fig. 6, we see that separation of variables method and modified Adomian decomposition
method gives same solution.

We give one more example of heat equation with homogeneous boundary conditions and constant initial tem-
perature.

Example 1.3.
The heat equation is

U;=Uxy, 0<x<m, t>0 (34)
with boundary conditions

uo,H)=U0(@m,1=0,t>0 (35)
and initial condition

U(x,0) =K. (36)

A solution of the equation using separation of variables method is given as follows:

Ux,n=Y %[1 —(=1)"e”" 'sin(nx). (37)

n=1
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Fig. 6. Solution of heat equation using modified Adomian decomposition method

Using Adomian decomposition method, we get the following solution.
Ukx,t)=K (38)

Equations (37) and (38) show that the solutions of heat equation (34) with boundary conditions (35) and initial con-
dition (36) are different. The solution using Adomian method is same as the initial solution and it does not satisfy the
specified boundary conditions. Therefore, the solution (38) using Adomian method is not correct.

We express the initial condition U(x,0) = K by Fourier series. That is, by half-range sine series

U(x,00)=K =) Bpsin(nx), 39)
n=1
where
2 T
B, = —f Ksin(nx)dx. (40)
T Jo

Integrating by parts, we get

Bn:{i_i[

1- (D"} (1)

By applying Adomian method using the initial condition in the form (39), we get the following solution.

X 2
U(x,0)=Y_ Bpsin(nx)e """, (42)
n=1
where B, are given by equation (41). The solution (42) is same as solution given by the separation of variables method
in equation (38).

Remark 1.1.

We can apply this modified approach of Adomian decomposition method to solve the heat equation with homoge-
neous boundary conditions and initial condition in the polynomial form U(x,0) = ap + a;x+ a, Pt tagxt, n=1is
an integer. We can find the Fourier series for the polynomial expression and express the initial condition as a Fourier
series. Then we apply the usual Adomian method with the initial condition in the Fourier series form instead of origi-
nal polynomial form to get the desired correct solution.

2. Conclusions

We have solved one dimensional heat equation with homogeneous boundary conditions and initial condition in
polynomial form using the Adomian decomposition method and compared the solution by the separation of variables
method. We observed that while solving heat equation with the initial condition in the form U(x,0) = x, U(x,0) = x% or
U(x,0) = K, K is constant, the usual Adomian method does not give correct solution. In this paper, we have expressed
these initial conditions by Fourier series (half range sine series ) and then solved by Adomian method which gives
correct solution. The obtained solution matches with the solution of heat equation by the separation of variables
method.
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